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Monday 22

Introduction to the basics concepts of the Dynamical Mean Field Theory 

Tuesday 23

Hands-on tutorial

(instruction for the hands-on tutorial)

Mott transition with iterated perturbation theory

Weak to strong coupling superconductivity  
using Exact Diagonalization methods



DMFT
COMPUTATIONAL 

TOOLS

''DMFT SOLVERS"

APPLICATIONS
OF DMFT

MODELS

Perturbative approach
IPT,NCA,OCA,...

Quantum MonteCarlo

Exact Diagonalization (ED)

metal/insulator transition

Instabilities (AFM/supercond/CDW..)

Hunds metal,Kondo insulators,.. 

Oxides (vanadates,nickelates,..)

Organic materials (fullerides,..)

etc..

Non-local correlations (~cuprates)
(cluster,vertex,...)

Long-range interactions (E-DMFT)

non-equilibrium DMFT

etc..NRG,DMRG,..

MATERIALS
DFT+DMFT

EXTENSIONS
OF DMFT

STATISTICAL
PHYSICS

effective single-site representation
infinite dimension, etc..

Adapted from A. Georges  
Fermions en interaction: Introduction a la theorie du champ moyen dynamique. College de France, 2019 (online) 

General concepts of statistic physics  
(single site representation, limit of infinite dimensions,..)



Lattice problem Single-site representation

<latexit sha1_base64="e33HbhtbaJ/DdMWFhAlbSXUP9bE="></latexit>

HHubbard = �t

X

hRR0i�

c
†
R�cR0� + U

X

R

nR"nR# � µ

X

R�

c
†
R�cR�,

<latexit sha1_base64="30v1+aStayc4UfEXmqkhK0W5pac="></latexit>

HIsing = �J

X

hiji

�i�j �
X

i

hi�iCompare with static mean-field



LOCAL REPRESENTATION

SELF CONSISTENCY
RELATION

LOCAL OBSERVABLE

STATIC MeanField DYNAMICAL MeanField

local magnetization

spin in a magnetic field

local Greens function

atom in a bath
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DMFT approximation
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initial guess for the Weiss field solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

check for convergence

<latexit sha1_base64="gp2P/j5DdHKVELOANPYBHfLsQ+Y="></latexit>
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solver dependent!!

common to all 
the solvers



Iterated Perturbation Theory (IPT)

⌃imp(⌧) = U2G0(⌧)G0(�⌧)G0(⌧)

<latexit sha1_base64="Tqdv1j6r5/KkzJErV35BLPfo/jM="></latexit>

Approximate solution of the impurity problem

Mott transition in the single-band Hubbard model 

Useful to get used with the DMFT loop 

Imaginary frequency or real frequency 

Little practical use beyond the single-band Hubbard model



ipt_hm_matsubara.f90

initial guess for the Weiss field solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

check for convergence

wm(:)              !Matsubara frequencies 
Sigma(:)         !impurity Self-energy 
fg0(:)              !Weiss field at loop iloop 
fg0_prev(:)   !Weiss field at loop iloop-1 
fg(:)                !local greens function



ipt_hm_matsubara.f90

initial guess for the Weiss field solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

check for convergence

wm(:)              !Matsubara frequencies 
Sigma(:)         !impurity Self-energy 
fg0(:)              !Weiss field at loop iloop 
fg0_prev(:)   !Weiss field at loop iloop-1 
fg(:)                !local greens function

Initialise the loop



ipt_hm_matsubara.f90

initial guess for the Weiss field solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

check for convergence

wm(:)              !Matsubara frequencies 
Sigma(:)         !impurity Self-energy 
fg0(:)              !Weiss field at loop iloop 
fg0_prev(:)   !Weiss field at loop iloop-1 
fg(:)                !local greens function

Local greens function

G(i!n) =

Z
d✏

⇢bethe(✏)

i!n � ✏� ⌃(i!)
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ipt_hm_matsubara.f90

initial guess for the Weiss field solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

check for convergence

wm(:)              !Matsubara frequencies 
Sigma(:)         !impurity Self-energy 
fg0(:)              !Weiss field at loop iloop 
fg0_prev(:)   !Weiss field at loop iloop-1 
fg(:)                !local greens function

Gnew
0 (i!n) =

1

G�1(i!n) + ⌃(i!n)

<latexit sha1_base64="Es7lkIfITRtquUJ/xgthkmYL/8A="></latexit>

new Weiss field



ipt_hm_matsubara.f90

initial guess for the Weiss field solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

check for convergence

wm(:)              !Matsubara frequencies 
Sigma(:)         !impurity Self-energy 
fg0(:)              !Weiss field at loop iloop 
fg0_prev(:)   !Weiss field at loop iloop-1 
fg(:)                !local greens function

get the new self-energy 



ipt_hm_matsubara.f90

initial guess for the Weiss field solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

check for convergence

wm(:)              !Matsubara frequencies 
Sigma(:)         !impurity Self-energy 
fg0(:)              !Weiss field at loop iloop 
fg0_prev(:)   !Weiss field at loop iloop-1 
fg(:)                !local greens function

measure observable 
heck convergence



initial guess for the Weiss field solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

check for convergence

ipt_hm_matsubara.f90

The solver part



ipt_hm_matsubara.f90

inputIPT.conf

max number of DMFTloops



ipt_hm_matsubara.f90

inputIPT.conf

Hubbard U



ipt_hm_matsubara.f90

inputIPT.conf

Inverse temperature



ipt_hm_matsubara.f90

inputIPT.conf

number matsubara freq



ipt_hm_matsubara.f90

inputIPT.conf

Threshold for convergence



ipt_hm_matsubara.f90

inputIPT.conf

Mixing parameter



ipt_hm_matsubara.f90
Output

hni�i
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Output files



0 1 2 3 4
U

0

0.2

0.4

0.6

0.8

1

Z

Increasing U

Decreasing U

0 1 2 3 4
U

0

0.05

0.1

0.15

0.2

0.25

<
D

>

increasing U

decreasing U

Example: run the code at different U adiabatically following the solution

Mott transition
Mott transition

For fun: change the temperature and check that the Mott transition becomes first order 



For fun: change the temperature and check that the Mott transition becomes first order 

Green’s function and self-energies VS imaginary frequencies
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ipt_hm_real.f90

i!n ! ! + i0+

<latexit sha1_base64="Mc6Q6Map+cxd89ldD3yUQQ4PTMM="></latexit>

real freq solver

real frequency discretisation

Imaginary broadening 

Frequency convolutions 
In the sunset diagram

real freq solver
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The real frequency solver gives access at the spectral functions 

Formation of the Mott gap Fermi liquid VS non-fermi liquid self-energies



Exact Diagonalization solver 
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G�1
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initial guess for the Weiss field
parameters

solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

fit Weiss field parameters

check for convergence

LIB_DMFT_ED

DMFTtools

1. Find the ground state of H_imp 

2. Compute the Green’s function
Lanczos method

�2[{"l, vl}] =
X

!n

wn|�(i!n; {"l, vl})��target(i!n)|2

<latexit sha1_base64="pOLLtWrJR6JohuQ8+94USSoRxfc="></latexit>

Minimize a cost function to get the new bath parameters

!!!! ED is not good for real axis calculations !!!!
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DMFT equations for superconductivity 

Replace all the Green’s function by matrix Green’s functions in the Nambu representation
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<latexit sha1_base64="VJ8UTZdnZUT/kRGIKIUrsMvOVg8="></latexit>

Normal Green’s function

Anomalous Green’s function

Same for Weiss field and Self-energy
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extra parameter in the impurity Hamiltonian 
Allow for SC symmetry breaking in the Weiss field



ed_ahm_bethe.f90 driver (*) to solve the (attractive) Hubbard model on the bethe lattice 
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Prototype model for unconventional  (ie non BCS) superconductivity (s-wave) 

(*) driver  = small program that makes use of the routines in the Libraries DMFTtools and LIB_DMFT_ET

Different physical problems may need slightly different sets of instructions 

If you want to study a different problem then you may need to write a specific driver  

The driver ed_ahm_bethe.f90 is quite general and it represents a good starting point for any physical problem  

 ****If you want to use this code in your research please cite  ***

Amaricci et al, "EDIpack: A parallel exact diagonalization package for quantum impurity problems" arXiv 2105.06806



ed_ahm_bethe.f90 solve the attractive Hubbard model on the be the Lattice 

Allocate normal AND anomalous  
Greens Functions/Weiss field/Self energy 



ed_ahm_bethe.f90 solve the attractive Hubbard model on the be the Lattice 

Set the density of states of the Bethe lattice

Set the energy of the atomic levels (here 0)



ed_ahm_bethe.f90 solve the attractive Hubbard model on the be the Lattice 

Allocate the bath at loop iloop  
Allocate the bath at loop iloop+1 

Set-up and init the solver

{"l, vl,�l}

<latexit sha1_base64="4yxCQuIMJ5sMUcKSzShJILzTRNs="></latexit>

“baths” = 



initial guess for the Weiss field
parameters

solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

fit Weiss field parameters

check for convergence

LIB_DMFT_ED

DMFTtools

ed_ahm_bethe.f90 solve the attractive Hubbard model on the be the Lattice 

solver part

(1) find the ground state of H_imp

(2) compute GF
(2)

(1)



initial guess for the Weiss field
parameters

solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

fit Weiss field parameters

check for convergence

LIB_DMFT_ED

DMFTtools

ed_ahm_bethe.f90 solve the attractive Hubbard model on the be the Lattice 

Get the local GF

G(i!n) =

Z
d✏

⇢bethe(✏)

i!n � ✏� ⌃(i!)

<latexit sha1_base64="cJetj41D6vv0KbUL4ZKqo/CbMeo="></latexit>



initial guess for the Weiss field
parameters

solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

fit Weiss field parameters

check for convergence

LIB_DMFT_ED

DMFTtools

ed_ahm_bethe.f90 solve the attractive Hubbard model on the be the Lattice 

Get the new Weiss field

Gnew
0 (i!n) =

1

G�1(i!n) + ⌃(i!n)

<latexit sha1_base64="Es7lkIfITRtquUJ/xgthkmYL/8A="></latexit>



initial guess for the Weiss field
parameters

solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

fit Weiss field parameters

check for convergence

LIB_DMFT_ED

DMFTtools

ed_ahm_bethe.f90 solve the attractive Hubbard model on the be the Lattice 

Printout GF and WF



initial guess for the Weiss field
parameters

solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

fit Weiss field parameters

check for convergence

LIB_DMFT_ED

DMFTtools

ed_ahm_bethe.f90 solve the attractive Hubbard model on the be the Lattice 

Get the new bath 
Parameters



initial guess for the Weiss field
parameters

solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

fit Weiss field parameters

check for convergence

LIB_DMFT_ED

DMFTtools

ed_ahm_bethe.f90 solve the attractive Hubbard model on the be the Lattice 

Convergence check



initial guess for the Weiss field
parameters

solve auxiliary impurty problem

get the impurity self-energy

get the local Greens function

get the new Weiss field

fit Weiss field parameters

check for convergence

LIB_DMFT_ED

DMFTtools

ed_ahm_bethe.f90 solve the attractive Hubbard model on the be the Lattice 

@convergence get GF in real frequency; Compute the kinetic energy





MODEL AND PARAMETERS OF 
DMFT LOOP



MODEL AND PARAMETERS OF 
DMFT LOOP

ED-SOLVER



driver

MODEL AND PARAMETERS OF 
DMFT LOOP



Number of orbitals  
And number of sites in the bath

MODEL AND PARAMETERS OF 
DMFT LOOP



Interaction Hamiltonian

MODEL AND PARAMETERS OF 
DMFT LOOP



Error in DFMT loops

MODEL AND PARAMETERS OF 
DMFT LOOP



Temperature(*) 
chemical potential 

symmetry breaking fields

MODEL AND PARAMETERS OF 
DMFT LOOP

(*) Temperature: here Temperature is just an IR cut-off for smooth fermi functions; See below for ACTUAL FINITE T calculations 



ED_MODE = super/normal

ED_FINITE_TEMP =F/T



LANCZOS



FIT OF BATH PARAMETERS



In the DATA/init_run/      directory

Input file

A reasonable guess for the parameters in the impurity hamiltonian

Bash script to run the code recursively 
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Initialize the bath

start the diagonalization 

Run a single DMFT loop, ie Nloop=1 and read the output



end of  the diagonalization 

use LANCZOS to compute GF

obsevables

<latexit sha1_base64="ykgh7EXkEu4C5yn9nHmsne/sPV0="></latexit>

hnii
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energy
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hHinti



get local GF

print local GF/WF/Sigma

FIT

new bath parameters  after fit

END of the dmft loop

release Nloop=1 and  
bring the DMFT loop at convergence



output of files



ex: local observables

$ cat observables_info.ed

$ cat observables_all.ed



ex: local greens function

<latexit sha1_base64="6yyT51BR5Nyuea8uOqXAKCPuXIc="></latexit>

ImG(i!n)
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ReG(i!n)
<latexit sha1_base64="SZU5ftvzQNuSSvG5Wtlmgnl6+QU="></latexit>
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ex.: local energy
<latexit sha1_base64="vzv/AJJQHNUt2Cxvv6uOrVHqZyg="></latexit>

hHii

ex.: kinetic energy
<latexit sha1_base64="Gl5RvKazCqGuR1rSb5zyVrvqEgI="></latexit>

K = �t
X
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hc†i�cj�i

remember!!! total energy = kinetic energy  + local energy
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Make a run with ED_mode=superc and a run with ED_mode=normal to compute the condensation energy

follow the solution at different U  and describe the weak to strong coupling crossover

0 1 2 3 4 5 6 7 8
|U |/W

0.00

0.01

0.02

0.03

0.04

E
N

°
E

S

condensation energy

0 1 2 3 4 5
|U |/W

°0.04

°0.02

0.00

0.02

0.04

0.06

0.08

kinetic vs potential energy gain
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for the braves: try a finite temperature calculation 


